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ABSTRACT

This contribution is complementary to [1] in that it takes a time-
varying mode-vector solution as an a priori assumption. The as-
sociated dynamic eigenvalue problem is solved by triangularizing
the system equations, again accomplished by successive Riccati
transforms. It is explicitly shown that equal eigenvalues do not
give rise to the Jordan form. Although the mode-vectors are not
uniquely determined, it is demonstrated by example that different
representations yield identical transition matrices, as it should.

1. INTRODUCTION

Where in [1] time-varying modes resulted from a direct factoriza-
tion of the linear time-varying (LTV) system equations, we now
take the complementary point of view. That is, a time-varying
mode is right from the beginning assumed to be an elementary
solution of a general LTV system. This is in agreement with the
classical approach for constant systems [2, 3]. Then, it is demon-
strated that the classical solution procedure is naturally generalized
to the LTV context.
Related results can be found in [4, 5, 6, 7, 8]. However, as pointed
out in the accompanying paper [1], our results are more general
and transparant.
In the next section, the dynamic eigenvalue problem is formulated
and the conventional concept of similarity is generalized. Next, in
Section 3, the system equations are triangularized by successive
Riccati transforms [9]. The dynamic eigenvalue problem is subse-
quently solved in Section 4. It is shown that no exception has to be
made for equal (dynamic) eigenvalues. Finally, in Section 5 some
aspects of the theory are illustrated for second order LTV systems.

2. THE DYNAMIC EIGENVALUE PROBLEM

Consider the n-dimensional homogeneous LTV system

ẋ = A(t)x , (1)

where A denotes a known system matrix with elements that are
continuous functions of the time t and x = x (t) an unknown vec-
tor variable, respectively. As is well-known, the transition matrix
of system (1) is uniquely determined [10].
We are looking for elementary solutions of the modal form [1]

x (t) = u(t) exp[γ(t)] , (2)

where u is interpreted as a varying amplitude-vector, while the
varying phase γ is related to a varying frequency λ, given by

λ(t) = γ̇(t) with γ(t) =
t

∫
0
λ(τ )dτ . (3)

Substitution of (2) in (1) yields the dynamic eigenvalue problem
(cf. [11])

[A(t)− λ(t)I]u(t) = u̇(t) , (4)
where I is the n-dimensional identity matrix. In the context of (4),
the physical quantities u and λ are called a dynamic eigenvector
and a dynamic eigenvalue, respectively. In order to solve (4), we
subject system (1) to the time-varying algebraic coordinate trans-
form

x = L(t)y , (5)
where y = y(t) is the new unknown. Then, system (1) goes into
another LTV-system, viz.

ẏ = B(t)y , (6)

in which the system matrix B is obtained as [12]

B = L−1AL− L−1L̇ . (7)

In turn, the transformed dynamic eigenvalue problem reads

[B(t)− λ(t)I]v(t) = v̇(t) , (8)

where
v = L−1u , (9)

while y has the modal form

y(t) = v(t) exp[γ(t)] . (10)

From (4) and (8) it is observed that the dynamic eigenvalues λ(t)
are preserved under the coordinate transform L(t). For this reason,
the system matrices A and B are called dynamically similar [13].
In the particular case that L is constant, the matrices become sim-
ilar in the conventional (static) sense.

3. TRIANGULARIZATION BY SUCCESSIVE RICCATI
TRANSFORMS

Turning back to the dynamic eigenvalue problem (4), we first con-
struct a coordinate transform that triangularize system (1). To that
aim, we take L in (5) as the Riccati transform [9]

P1(t) =

»
I 0

pT1 (t) 1

–
, (11)



where I is the (n − 1) identity matrix and p1 an (n − 1) column
vector, respectively, while T stands for the transpose. Next, the
system matrix A in (1) is partitioned as

A(t) =

»
A11(t) a12(t)
aT21(t) ann(t)

–
. (12)

Here, A11 is the (n−1) upper left square block of A while a12 and
a21 are (n − 1) column vectors, respectively. Now, if p1 satisfies
the (quadratic) Riccati vector differential equation (cf. [1])

ṗT1 = −pT1 A11 + aT21 − pT1 a12pT1 + annpT1 , (13)

system (1) goes with (7) into the following block triangular form

ẏ =

»
[A11(t) + a12(t)pT1 (t)] a12(t)

0T cnn(t)

–
y , (14)

where the scalar function cnn = cnn(t) is given by

cnn = ann − pT1 a12 . (15)

It is clear that the procedure can be repeated with respect to the
(n− 1) square matrix [A11 + a12pT1 ]. This is accomplished by a
next Riccati transform, given by

P2(t) =

2
6666664

I 0
... 0

pT2 (t) 1
... 0

. . . . . . . . . . . . . . . .

0T 0
... 1

3
7777775

, (16)

in which p2 is an (n− 2) column vector and I the (n− 2) identity
matrix, respectively. After (n − 1) succesive Riccati transforms
we finally arrive at

x = R(t)z with R = P1P2 · · ·Pn−1 , (17)

by which system (1) is fully triangularized in the variable z = z (t).
In (17) the last Riccati transform is given by

Pn−1(t) =

2
6666666664

1 0
...
... 0

pn−1(t) 1
...

. . . . . . . . . . . . . . . . . . . . .

0
... I

3
7777777775

, (18)

where pn−1 is a scalar and I the (n − 2) identity matrix, respec-
tively. Note that det Pi = 1, hence det R = 1.
If cij = cij(t) are the elements of the governing system matrix C,
we thus have

ż = C(t)z ; cij = 0 for i > j (i, j = 1, 2, . . . , n) . (19)

4. SOLVING THE DYNAMIC EIGENVALUE PROBLEM

Since the system matrices A and C are dynamically similar, the
solution of (19) can be written as a linear combination of the mode-
vectors

zj(t) = wj(t) exp[γj(t)] (j = 1, 2, . . . , n) , (20)

in which the dynamic eigenvalues λj = γ̇j are precisely the ones
pertaining to system (1). In analogy with (8), the transformed dy-
namic eigenvalue problem reads

[C(t)− λj(t)I]wj(t) = ẇj (j = 1, 2, . . . , n) , (21)

where the dynamic eigenvectors wj belong to λj . In view of the
upper triangular structure of C, it is readily observed that

λj(t) = cjj(t) (j = 1, 2, . . . , n) (22)

satisfies (21), while wj (j = 1, 2, . . . , n) can be chosen as the
linearly independent set

wj = [ w1j w2j . . . wj−1,j 1 0 0 . . . 0 ]T . (23)

Next, the non-zero elements wij = wij(t) of wj follow from back
substitution of (22) and (23) in (21) as the solutions of the linear
differential equation with time dependent coefficients

ẇij = (λi − λj)wij +
Xj

k=i+1
cikwkj (i ≤ j) . (24)

Straightforward integration of (24), whereby the method of varia-
tion of parameters is used, yields the closed expression

wij(t) =

Z t

0

kij(t, τ )
Xj

k=i+1
cik(τ )wkj(τ )dτ (i ≤ j) , (25)

with
kij(t, τ ) = exp[γi(t, τ )− γj(t, τ )] , (26)

where we wrote

γi(t, τ ) = γi(t)− γi(τ ) . (27)

From (25), the unknown elementswij of the dynamic eigenvectors
wj (j = 1, 2, . . . , n) follow explicitly by successively taking i =
j − 1, . . . , 1. (Note that wjj = 1.)
It is clearly observed from (25) and (26) that no exception needs
to be made for equal dynamic eigenvalues. For example, if

λi(t) = λi+1(t) = λi+2(t) , (28)

we obtain from (25)

wi,i+1(t) =
t

∫
0
ci,i+1(τ )dτ , (29)

and next

wi,i+2(t) =
t

∫
0
{ci,i+1(τ )

τ

∫
0
{ci+1,i+2(σ)dσ}dτ +

t

∫
0
ci,i+2(τ )dτ .

(30)
Even in the constant case, equal eigenvalues lead with (29) and
(30) straightforwardly to the well-known polynomial expressions
for the eigenvector components, viz. wi,i+1(t) = ci,i+1t and
wi,i+2(t) = 1

2
ci,i+1ci+1,i+2t

2 + ci,i+2t, respectively. Thus, in
any case the Jordan form is avoided. In fact, this classic trans-
form turns out to be an anomaly, resulting from the invalid as-
sumption that in any circumstance the mode-amplitudes are con-
stants(cf. [14]).
At this point, the dynamic eigenvalue problem (21) with respect
to the triangularized system (19) is solved. Combined with (17), a
fundamental matrix X̃ of the original system (1) can now be writ-
ten as (cf. [1])

X̃(t) = R(t)W(t) exp[Γ(t)]R−1(0) , (31)



where the dynamic eigenvectors wj (j = 1, 2, . . . , n) are the re-
spective columns of W, which as a consequence is upper triangu-
lar with W(0) = I and non-singular, while the diagonal matrix Γ,
denoted as

Γ(t) = diag{γ1(t), γ2(t), . . . , γn(t)} , (32)

is given by

Γ(t) =
t

∫
0

Λ(τ )dτ , (33)

with
Λ(t) = diag{λ1(t), λ2(t), . . . , λn(t)} . (34)

It is stressed that although different particular solutions p1 of the
Riccati equation (13) generate in view of (15), (22) and (25) also
different mode representations, the transition matrix of (1) is unique-
ly determined.

5. SECOND ORDER SYSTEMS

As is well-known, any scalar second order homogeneous differen-
tial equation can be recasted as [15]

ẍ1 + q(t)x1 = 0⇐⇒ ẋ =

»
0 1
−q(t) 0

–
x , (35)

where the equivalence comes from setting ẋ1 = x2, ẋ2 = −qx1

and x = [x1 x2 ]T , respectively. Next, system (35) is triangular-
ized by the Riccati transform

x = P(t)y with P(t) =

»
1 0
p(t) 1

–
, (36)

yielding (cf. (14) and (15))

ẏ =

»
p(t) 1

0 −p(t)

–
y , (37)

provided that p = p(t) is a particular solution of the scalar Riccati
differential equation (cf. (13))

ṗ = −p2 − q . (38)

From (37) we obtain the dynamic eigenvalues as (cf. (22))

λ1(t) = p(t) , λ2(t) = −p(t) . (39)

Also, P(t) in (36) preserves the stability properties iff the norms
‖P(t)‖ and ‖P−1(t)‖ are bounded (cf. [16]). Taking the Eu-
clidean norm, we obtain for any solution p of the Riccati equation
(38)

‖P‖ = ‖P−1‖ = (|p|2 + 2)1/2 . (40)

Now, let q(t) = ω2(t) > 0 and also assume that system (37) is
slowly-varying [17]. As a consequence, we may set ṗ ' 0 in (38),
and pick p(t) = jω(t) with j2 = −1 as a solution of (38). With
(39) we then have

λ1(t) = jω(t) , λ2(t) = −jω(t) , (41)

while the corresponding dynamic eigenvectors with respect to sys-
tem (37) are found as (cf. (25))

v1(t) =

»
1
0

–
, v2(t) =

»
∫ t0 exp[2γ1(t, τ )]dτ

1

–
, (42)

where γ1(t, τ )is given by (27), while γ1(t) = jω(t)t again be-
cause of the slow variation. Then, the transition matrix pertaining
to system (35) is obtained as

X(t, t0) =

»
c(t, t0) −ω−1(t)s(t, t0)

−ω(t)s(t, t0) c(t, t0)

–
, (43)

in which t0 is the initial time and where we used the abbrevia-
tions c(t; t0) = cos[ω(t)t− ω(t0)t0] and s(t; t0) = sin[ω(t)t−
ω(t0)t0], respectively. Note that in general the solution is not pe-
riodic.
Note also that ‖P(t)‖ = ‖P−1(t)‖ is bounded as long as ω(t) is
bounded. Hence, P(t) not only preserves the dynamic eigenval-
ues but the characteristic Lyapunov exponents as well. Moreover,
since ‖Ṗ‖ = |ṗ| = |ω̇| in general is bounded too, it follows that
the Riccati transform P(t) even belongs to the Lyapunov class of
transforms as defined in [18].
In the special case ω(t) = ω0 > 0 is constant, we have

λ1(t) = jω0 , λ2(t) = −jω0 , (44)

leading to solution (43) with ω(t) replaced by ω0. Now, it is re-
marked that the Riccati equation (38) for ω = ω0 also admits the
alternative solution p(t) = −ω0 tan(ω0t). Hence

λ1(t) = −ω0 tan(ω0t) , λ2(t) = ω0 tan(ω0t) (45)

is another set of valid dynamic eigenvalues. Instead of (42) with
ω(t) = ω0, the corresponding dynamic eigenvectors now become

v1(t) =

»
1
0

–
, v2(t) =

»
(2ω0)−1 sin(2ω0t)

1

–
. (46)

However, as can be easily verified, the associated set of mode-
vectors lead to the same solution (43) with ω = ω0. This should
be the case because of the afore mentioned uniqueness argument.
Despite an identical system solution for p = jω0 and p = −jω0×
tan(ω0t), respectively, there is a subtle difference between the cor-
responding norms of P(t). Namely, in the first case ‖P(t)‖ is with
(40) a bounded constant, while in the other case ‖P(t)‖ is periodic
and bounded, except for a countably infinite set of isolated points
with measure zero. Since both cases refer to the very same stabil-
ity behavior, we conclude that the Riccati transform P(t) with the
above mentioned singularity property, will still preserve the char-
acteristic Lyapunov exponents (cf. [19]).
Next, consider the modal solutions in steady-state. From the gen-
eral expression (2) we deduce

x (t) ∼ u∞(t) exp[〈λ〉t] for t→∞ , (47)

where u∞(t) and the constant 〈λ〉 denote the steady-state ampli-
tude and the mean value of λ(t), respectively. More precisely, 〈λ〉
is defined as

〈λ〉 = lim
t→∞

t−1
t

∫
0
λ(τ )dτ . (48)

Applied to the mode with dynamic eigenvalue λ(t) = ω0 tan(ω0t),
we obtain from (48) by a suitable contour deformation around the
singularity at τ = π/2 in the complex τ -plane

〈λ〉 =
ω0

π

π

∫
0

tan(τ )dτ = ±jω0 , (49)

where the plus or minus sign can be chosen, depending on how the
singularity is passed around.



Note that (49) delivers just the eigenvalues that we would obtain
by setting ṗ = 0 in the Riccati equation (38).
Note also that from (42) as well as from (46) it follows that ‖v(t)‖
is bounded, while from (45) and (49) we respectively have Re[〈λ〉]
= 0. Together with the above mentioned stability preserving prop-
erty of the transform P(t), we conclude that system (35) with
q(t) = ω2(t) and ω(t) = ω0 > 0 possesses two zero charac-
teristic Lyapunov exponents [19], corresponding with a neutrally
stable system.
Finally, if the sign in the system equation (35) is reversed, the Ric-
cati equation (38) changes in

ṗ = −p2 + q , (50)

which for q = ω2
0 with ω0 > 0 is again satisfied by two qualita-

tively different particular solutions, namely

p(t) = ω0 and p(t) = ω0 tanh(ω0t) , (51)

each corresponding with a different set of dynamic eigenvalues
λ1,2(t) = ±p(t). Now, it can be verified that both sets generate
each two characteristic Lyapunov exponents with respective value
ω0 > 0 and −ω0 < 0, corresponding with a stable and an unsta-
ble mode-vector, respectively. Hence, the system is exponentially
unstable, as expected.

6. SUMMARY

By allowing time-varying mode-vector solutions, the classical so-
lution procedure for linear time-invariant systems is naturally gen-
eralized to LTV systems. The associated dynamic eigenvalue prob-
lem is solved by triangularizing the LTV system equations. It
generates the dynamic characteristic equation, which essentially
equals a collection of lower order (quadratic) Riccati differential
equations [1]. Once solved, the dynamic eigenvalues are known
and the corresponding dynamic eigenvectors follow straightfor-
wardly from (25). By uniqueness, different sets of linearly inde-
pendent mode-vectors lead to the same solution.
For a second order LTV system it is explicitly shown that the ap-
plied Riccati transform essentially belong to the Lyapunov class.
The advantage of having a degree of freedom in choosing a suit-
able particular solution of the Riccati equation is also demonstrated.
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